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As each part contains an introductory paragraph, we limit ourselves here 
to a few remarks. Goldie’s theorems have demonstrated the utility of quotient 
rings in certain problems of noncommutative Noetherian ring theory. The 
principal results of this paper extend Goldie’s theorems to rings which do 
have nilpotent ideals. In particular, we first determine those Noetherian 
rings which have Artinian quotient rings (Theorems 2.11 and 2.12). We then 
consider arbitrary rings which have Artinian quotient rings (Part II, 
Section2). Section 3 of Part II shows that the polynomial rings and matrix 
rings over rings which have Artinian quotient rings also have such quotient 
rings. 
The program for the first two parts is as follows. In Part I we lay the ground- 
work for Part II by studying the properties of quotient rings under the 
assumption of their existence. Some applications of these results are made to 
rings satisfying a polynomial identity. Part II was described in the first 
paragraph. 
Part III, the final part, considers rings which are at the same time algebras 
over commutative Noetherian rings and finitely generated as modules over 
these rings. Examples of such rings are the endomorphism rings of finitely 
generated modules over commutative Noetherian rings. Many theorems on 
commutative rings remain true for these algebras. For example, the 
descending chain condition on prime ideals is valid. Certain results of Part II 
are also applied. In particular, the algebras under consideration may be 
embedded in Artinian rings. This result appears to be new even for commuta- 
tive Noetherian rings. 
i This paper is a portion of the author’s Ph. D. dissertation at the University of 
Chicago. The author wishes to express his deep gratitude to Professor I. N. Herstein 
for this advice and encouragement. 
a Present address: Department of Mathematics, University of California, Berkeley, 
California. 
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PART I 
In this first part we collect the results which are basic to the remainder 
of this paper. Some of these results have independent interest in themselves. 
The process of forming total quotient rings and partial quotient rings is a 
well-known and useful tool in commutative ring theory. Until Goldie’s 
theorem, this method was not really successfully applied in the noncommuta- 
tive case. We use this result to derive basic properties of quotient rings of 
Noetherian rings. 
Section 1 
First, we recall some definitions. 
DEFINITION 1.1. If  S is a subset of a ring R, then the left unnihilaior, 
1(S), of S is {r E R } YS = O}. The right annihilator, r(S), is {I E R 1 Sr = O}. 
DEFINITION 1.2. An element x of a ring R is regular if r(x) = 8(r) = 0. 
That is, x ti neither a Zeft nor a n‘ght zero diGor. 
DEFINITION 1.3. A ring S with unit element is said to be a (right) quotient 
ring of the ring R if: 
(a) S1 R 
(b) s E S entails s = rm-I, with r E R, m a regular element of R. 
R is called a (right) order in S. Left quotient rings are defined analogously. 
Asano [I], extending work of ore, has shown that if M is a multiplicatively 
closed subset of regular elements of a ring R and M has the common multiple 
property: 
I f  Q E R, m E M, then there exist c, m, E R with m, E M such that am1 = mc. 
There is then a ring S satisfying the conditions of Definition 1.3 in which 
the elements of M are invertible. In this case, we write S = RM. I f  M 
should consist of all the regular elements of R, then we write S = Q(R) and 
S is called the total patient ring of R. 
We now restrict our attention to subsets M, satisfying in addition to the 
common multiple property the common divisor property: 
If mix = m2 with q,m,EM, then XEM. 
For example, if M* = {Y E R 1 I invertible in S} where S and R are in the 
situation of Definition 1.3, then M* satisfies the common multiple property 
and the common divisor property. In the sequel, it will always be assumed 
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that if 5’ = RM, then M satisfies the common divisor property. Of course, 
there is no apparent loss of generality as S may always be written S = R,* . 
LEMMA 1.4. Let S = RM, and m, , **a, m,, E M. Then there exist 
X?Yl, e-e, y,, E M such that m,-l = yix-1. 
Proof. We establish the result by induction on n. If n = 1, take y1 = m, 
and x = (vQ)~ = (ml”)-‘. Suppose that we have found elements j$ , a*., j& 
and R so that rn;l = y&-l, i = 1, **., n - 1. We can find elements y, y,, E M 
such that rn;% = y,,y-l (for *y = m,y, E M and fl E M). Write q = x 
and yi = jjtidy for i = 1, a.*, n - 1. Then rnT1 = yixl. 
COROLLARY 1.5. If I is a right ideal in R, then 
IS={am-lIa~I,m~M}. 
Proof. Every element in IS has the form 
By the above Lemma, there are x,y, , e-e, yk E M such that m;;l = y,,x-I. 
Hence, 
2 wC 
n=l 
= (&Yn) x-1 
which is of the required form. 
COROLLARY 1.6. If I1 @ **a @I,, is a direct sum of right idea& in R, then 
I# @ **a @ I,$’ is a direct sum in S. 
Proof. Suppose IIS + **. f I,S is not a direct sum. We, then, have a 
nontrivial relation of the form almT1 + ,.. + a,m;;l = 0 where ai E Ii and 
mj e M, i = 1, *mm, n. But, by Lemma 1.4, we have 
m? = yp-l, 1 i = 1, e-1, 71. 
Hence, we obtain 
(ati1 + *a* + any&-1 = 0, 
which gives 
a05 + --a + a,y, = 0 
and contradicts the directness of I1 @ **a @ 1, . Thus, the corollary is proved. 
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Section 2 
In this section we turn to the consideration of quotient rings of right 
Noetherian rings. Specifically, we determine the maximum nilpotent ideal 
of the quotient ring and study the relationship between Q(R) and Q(R/N(R)). 
Unless otherwise stated Noetherian means right Noetherian, Artinian means 
right Artinian and quotient ring means right quotient ring. 
The following Lemma is fundamental. 
LEMMA 1.7. If S = RM* , and Q(S) exists and is Artinian, then Q(R) 
exists and equals Q(S). 
Proof. q E Q(S) yields q = St-l, s, t E S with t regular. Since S = RM* , 
s = almT1 and t = azm;l. Hence, a2 = tm, , as a product of invertible 
elements of Q(S), is invertible in Q(S). Thus, 
q = a,m;l(a,m;l)-l = alm;1m2a;1. 
But, m;'rn2 E S, so m;-lrn, = a3m;1, say. Therefore, 
q = a,a,m;la,’ = a,a.Ja,m.J-l, 
and every element of Q(S) is of the form YC-l, r E R, c a regular element of R. 
Now let x be a regular element of R. We claim x is regular in Q(S). Suppose 
xq = 0. Then XTC+ = 0, say. This gives m = 0, a contradiction. It is 
well known that an element in an Artinian ring is invertible if and only 
if it has no right annihilator. 
LEMMA 1.8. If S and R are as in the previous Lemma and Q(S) is a semi- 
simple Artinian ring, then R and S have no nonzero nilpotent ideals. 
Proof. See Goldie [2]. 
We denote the maximum nilpotent ideal of a Noetherian ring R by N(R). 
THEOREM 1.9. If S = RM* and R is Noetherian, then 
(1) S is Noetherian. 
(2) N(S)” = N(R)Q = (N(S) n R)?!3, n = 1, 2, *a-. 
Proof. Let I,CI,C---CI,C--0 be an ascending chain of right ideals 
of S; then I,nRCI,nRC...CI,nRC.... For some k,I,nR= 
Ik+s n R, s = 1, 2, -a-. Thus, 
(Ik n R)S = II, = (Ik+s n R)S = Ik+s. 
Turning to (2) we note, trivially, that N(S) n R C N(R) and N(S) C N(R)S. 
We establish the reverse inclusion. S/N(S) = S has no nilpotent ideals and 
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is Noetherian. Thus, Q(s) exists and is semi-simple Artinian by Goldie’s 
theorem. Let R’ = (r + N(S) ] r E R}. It is easily checked that if R E 3, then 
2 = a'c'-l a’, c’ E R’. Thus, by Lemma 1.8, R’ has no nilpotent ideals and 
N(R) C NkS). Hence, 
N(R)S C N(S)S = N(S). 
Now 
N(R)SN(R)S = N(S)2 = N(R)SN(S)S = N(R)N(S) 
= N(R)N(R)S = N(R)2S, etc. 
COROLLARY 1.10. If m E M*, then m + N(R) is regular in R/N(R). 
Proof. It suffices to show that mr E N(R) implies I E N(R). Certainly, 
mr E N(S). But, m is invertible in S and so 
m-‘mr = Y E N(S) n R = N(R). 
Let M*’ = {m + N(R) 1 m E M*}. By the above Corollary, M*’ consists 
of regular elements of R/N(R). In addition, as RIM* exists, M*’ satisfies the 
common multiple property. Therefore, by Asano’s result, we may form 
WN(RW . 
THEOREM 1.11. (R/N(R)),* is isomorphic to S/N(S). 
Proof. Let 6 be the map: 
8(rm-l + N(S)) = (r + N(R))(m + N(R))-l. 
Then 0 is the required isomorphism. 
Section 3 
We turn our attention to certain types of rings satisfying polynomial 
identities. Posner [S] has shown that a prime ring R satisfying a polynomial 
identity with coefficients in its centroid is a right and left Goldie ring, that 
is a ring which satisfies the ascending-chain conditions on right annihilators 
and direct sums of right ideals, and that Q(R) (which exists by Goldie’s 
Theorem) satisfies the same identity. We now turn to some generalizations 
of this result. 
LEMMA 1.12. A semi-prime ring R satisjes the ascending chain condition 
on right annihilators of two-sided ideals if and only if it has no infinite direct 
sums of two-sided ideals. 
4811411-2 
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Proof. If A, B are two-sided ideals of R and AB = 0, then BA = 0, 
for BA # 0 yields (BA)2 = B(AB)A = 0. The net result of this is: if A is 
a two-sided ideal, then 4(A) = r(A). H ence, we may speak, unambiguously, 
of the annihilator of A, written Ann A. Finally, we note that R satisfies the 
ascending chain condition on annihilator ideals if and only if it satisfies the 
descending chain condition on these ideals. Now to the proof of the Lemma: 
Suppose T,CT,OT,CT,OT,OT,C...CT,O...OT,C.... 
Then 
Ann (Tl @ *** @ T,J = Ann TX n *em n Ann Tk . 
Hence, by using the descending chain condition on annihilator ideals, for 
some t, 
Ann (Tl @ *.a @ T,) = Ann (Tl @ *a* @ T,+& 
‘But, T,+,(T, @ *** @ TJ = 0 so T,+,(T, @ a.. @ T,,,) = 0 and Tt+, = 0. 
As R is semi-prime, T,,, = 0. 
For the other direction, let Ann TX3 Ann T, 3 *+. 2 Ann T, 3 -.- be a 
descending chain of annihilators. T2 n Ann Tl = 0 yields Ann Tl = Ann T, , 
in which case we are done. So let C, = T, n Ann TX # 0. But, 
C, n Ann T, = 0 as R is semi-prime. Similarly Cs = T3 n Ann T, # 0 
unless Ann T, = Ann T, , and C, n C, = 0. The C,, thus form an infinite 
direct sum of two-sided ideals. This leads to a contradiction unless 
Ann T, = Ann T,,, for some k. 
We are now able to prove 
PROPOSITION I.13. If R is a semi-prime yin{ with the ascending chain 
condition on annihilators of two-sided ideals which shtisjes a polynomial identity 
(coeficients in some domain), then R has a two-sided total quotient ring which 
is semi-simple Artinian and satisjies the same identity. 
Proof, Following Herstein [3], there exist maximal annihilator ideals 
P e-e, P, , each of which is prime and 0 = P1 n a** n P, . RIP, is a prime 
~ri& which satisfies the same identity. By Posner [8], R/P, is a right and left 
Goldie ring. Thus, Q(R/P,) exists and, further, satisfies the same’identities as 
‘R/P, . As in Herstein, 
QW’i) 0 +-+ 0 QW’J = Q(R). 
It is clear that Q(R) has the desire properties. 
This proposition has applications in two directions. The first applies to 
Noetherian rings which satisfy identities. 
THEOREM 1.14. If R is Noetheriun and Q(R) exists and R satisfies an 
identity of degree d, p[xl , ***, x,J = 0, then Q(R) satisfies an identity of degree 
< nd, where N(R)“-1 # 0, N(R)n = 0. 
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Proof. R/N(R) satisfies the same identity as R. By Proposition 1.13, 
Q(R/N(R)) satisfies this identity. By Theorem 1.11, 
where M* is the set of images of regular elements of R. Since 
(R/N(R)),, C Q(R/N(R)), p[xl , ***, x&J = 0 holds in (R/N(R)),, . Clearly, 
then, p[xl , ---, xJR = 0 in Q(R) as N(Q(R))% = 0 by Theorem 1.9. 
Proposition 1.13 also provides a criterion for the existence of quotient 
rings of certain semi-prime rings. 
PROPOSITION 1.15. If R is a semi-prime subring of C, where C is a com- 
mutative semi-prime Goldie ring, then R is a right and left Goldie ring. 
Proof. C, satisfies a standard identity and the ascending chain condition 
on right and left annihilators. Hence, R satisfies an identity (with coefficients 
fl) and the ascending chain condition on right annihilators, since R is a 
subring of a ring which does; and Proposition 1.13 applies. 
Before stating the next theorem, we prove a lemma of some independent 
interest. 
LEMMA 1.16. If C ti a commutative ring which sutisjes the ascending 
chain condition on annihilators, then C/N(C) satisfies the ascending chain 
condition on annihizators where N(C) = {x E C 1 xn = O}. 
Proof. N(C) is nilpotent by a theorem of Herstein and Small [4]. Since C 
is commutative, we may unambiguously refer to the annihilator of a subset S 
which we will denote by Ann S. We claim N(C) = Ann (Ann N(C)). 
Trivially, N(C) C Ann (Ann N(C)). Let T # 0 be an ideal. If TN = 0, 
then T C Ann N. If TN # 0, then there is a least integer r such that 
TN+‘-l # 0, TN’ = 0. Hence, TN’-l C T n Ann N. Hence, if T # 0 is 
an ideal, then T n Ann N(C) # 0. If xAnn N(C) = 0, then (Ann x) n T # 0 
for any T # 0. Since C satisfies the ascending chain condition on annihilators, 
there is a t such that Ann (x”) = Ann (xt+l). If xt+l # 0, then xtR # 0. 
Thus, xtR n Ann (x) # 0. Let 0 # xtr be in xtR n Ann (x). Then xx% = 0 
gives x t+l~ = 0. But, this yields xtt = 0, a contradiction. Hence, gt+l = 0 
for all x E Ann (Ann (N(C)) and so Ann (Ann N(C)) C N(C). Since N(C) 
is an annihilator, C/N(C) satisfies the ascending chain condition on annihi- 
lators (see Herstein and Small [4]). 
We can now prove 
THEOREM 1.17. If R is a semi-prime subring of C,, where C is commutative 
and satisfies the ascending chain conditiun on annihilators, then R is a right 
and left Goldie ring. 
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Pyoof. N(C,) = N(C), is th e maximal nilpotent ideal of C,. R n N(C),=0 
as R is semi-prime. The ring R + N(C),/N(C), is thus isomorphic to R. 
But, C,/N(C), is isomorphic to (C/N(C)), . Thus, R may be considered 
to be embedded in matrices over a commutative semi-prime ring, and 
Proposition 1.15 applies. 
PART II 
Goldie’s theorem may be considered as a “characterization” of those 
rings which have a total quotient ring which is a semi-simple Artinian ring. 
In this part we give necessary and sut-licient conditions that a ring have a 
total quotient ring which is an arbitrary Artinian ring. We then show that 
the matrix rings and polynomial rings over these rings have Artinian total 
quotient rings. The definitions made in Part One remain valid here. 
Section 1 
Throughout this section, R will denote a Noetherian ring with regular 
elements. 
DEFINITION 2.1. R is said to satisfy the regularity condition if a + N(R) 
regular in R/N(R) implies a is regular in R. 
DEFINITION 2.2. If x E R and I is a right ideal, then 
x-l(I) = (Y E R 1 xr E I}. 
We recall that a right ideal I of R is essential if I intersects every nonzero 
right ideal of R nontrivially. 
LEMMA 2.3. If c E R and r(c) = 0, then CR is essential. 
Proof. If A # 0 is a right ideal satisfying CR n A = 0, we assert that 
the cnA form an infinite direct sum. Let t be the least integer such that 
ctA n (CA + SA + ..a + @A) # 0. 
We get a relation of the form 
0 # ctat = caI + *** + &la,, , 
where the ai E A, for all i. Since r(c) = 0, this yields 
0 # c*-lat = a, + a-- + tt-zat-l . 
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If a, = 0, then we obtain 
which contradicts the choice of t. Thus, we must have CR n A # 0. 
The next lemma is crucial for our work. 
LEMMA 2.4. If R satisfies the regularity condition, x E @‘V(R)) n N(R) 
and a E R with r(u) = 0, then x-l (aR) contains a regular element. 
Proof. By the previous lemma, uR is essential. Let I # 0 be a right ideal. 
If xl = 0, then I C x-l(aR), trivially. If xl # 0, then aR n x1 # 0. Thus, 
there is an i E I such that at = xi # 0 and i E x-l(aR); i $ N(R) else xi = 0. 
Therefore, since x E /(N(R)), I $ N(R) implies x-l(aR) n I $ N(R) and 
N(R) C x-l(aR). S ummarizing, x-l(aR) is a right ideal containing N(R) and 
intersecting every right ideal 1, I $ N(R), outside N(R). By a lemma of 
Goldie [2], x-l(aR)/N(R) contains a regular element of R/N(R), say c + N(R). 
By the regularity condition, c is regular in R and c E x-l(aR) as x-l(aR) 3 N(R). 
DEFINITION 2.5. M = {a E R 1 a + N(R) is regular in R/N(R)}. 
If R satisfies the regularity condition, then M consists of regular elements. 
Until further notice it will be assumed that R does in fact satisfy the regdarity 
condition. 
In the following series of lemmas, we will show that R satisfies the common 
multiple property with respect to elements of M. It will then be shown 
that R is an Artinian ring. Lemma 1.7 then applies and we may conclude 
that RIM = Q(R). 
DEFINITION 2.6. Let Tk = 8(N(R)k) n N(R) and R, = R/T, for 
k = 1, 2, **.. ForrER,wewriter,=rfT,. 
We remark that Tk C N(R), for all k, and if the index of nilpotence of N(R) 
is s then the index of nilpotence of R, is s - k. Consider @V(R,)) n N(R,). 
We claim that 
Tkfl/Tk = 4VkN n Wk) for k > 1. 
Since Tk C N(R), N(R,) = N(R)/T, . If xk E N(R,) and x,N(R,) = 0, 
then x E N(R) and xN(R) C e(N(R)k). Thus, xN(R)N(R)~ = xN(R)e+l = 0 
and x E &((N(R)“+l). 
LEMMA 2.7. If a E M, then r(uk) = 0 for all k. 
Proof. Suppose akxk = 0. Then ax E &V(R)k) n IV(R). Since a + N(R) 
is regular in R/N(R), ULX E N(R) implies x E N(R). Furthermore, ax E /(N(R)k) 
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yields axhi( = 0. But, a is a regular element of R so xN(R)* = 0 and 
x E r!(N(R)k). Therefore, x E Tk and xk = 0. 
LEMMA 2.8. If a E M and e E T, , there are f and g, g EM, such that 
af = eg. 
Proof. The proof is by induction on k. I f  k = 1, the assertion follows 
from Lemma 2.4. Assume the result if true for k = n. Let e E Tk+l . 
By the previous lemma, Y(+) = 0. Consider the right ideal e;‘(a,R,). 
We may repeat the argument given in Lemma 2.4 as Y(CQ.) = 0 and 
Tk+llTk = 4Wd n W-Q. S ince N(R,) = N(R)/T, , R,/N(R,) M R/N(R). 
Therefore, e;l(aJ?k) contains the inverse image of a regular element, 1, of 
R/N(R). But, by the regularity condition, the inverse images of this element 
are in M. Hence r(gJ = 0. Clearly, then akfk = erg, . That is, uf - eg E TR . 
Thus, by our induction assumption, there are elements c, d E R, d E M, 
such that UC = (af - eg)d. Expanding and transposing, we obtain 
a(c - fd) = e(-gd). But, -gd E M as was to be shown. 
Since N(R) is nilpotent, there is an integer s such that x E N(R) implies 
x E T, . In fact, if N(R)t = 0 and N(R)t-l # 0, then x E N(R) yields 
x E T,-, . Thus, Lemma 2.8 gives the 
COROLLARY 2.9. If R satisfies the regularity condition, a E M and n E N(R), 
then there exist c, d, d E M, with ac = nd. 
We can now prove the first theorem of this section. 
THEOREM 2.10. If R satisjies the regularity condition, then RIM exists. 
Proof. Suppose a, b E R and a EM. Since R satisfies the regularity 
condition and R/N(R) has a total quotient ring, there exist e, f, f E M, so that 
ae - bf = n E N(R). By Corollary 2.9, there are c, d, d E M, such that 
UC = (m - bf)d. This expression yields a(c - ed) = b( -fd). But -fd E M. 
Therefore, the common multiple property holds with respect to the elements 
of M. 
We now come to the principal theorem of this section. 
THEOREM 2.11. RIK is Artinian: hence, Q(R) exists and Q(R) = RM. 
Proof. By Theorem 1.9, RIM is Noetherian. From Theorem 1 .l 1, we 
get 
%#Wd - QW’W) 
as M*‘, in this case, consists of allthe regular elements of R/N(R). By Goldie’s 
theorem, Q(R/N(R)) is a semi-simple Artinian ring. Since N(R,)k, for all 
k, is finitely-generated as a right R,-module, N(RM)‘-l/N(RM)‘, for all i, 
ORDERS IN ARTINIAN RINGS 23 
is a finitely generated unital right li,/N(R,)-module. Thus, since R,/N(R,) 
is a semi-simple Artinian ring, each N(RMn)i-l/N(RM)i is completely reducible. 
We may now build a composition series for RM by “pulling back” to RM the 
composition series for R,/N(R,) and the N(R,)i-l/N(R,)“. Hence, R, is an 
Artinian ring. Since RM is Artinian, r(a) = 0, a E RM , implies a is invertible 
and R, = Q(RM). Applying Lemma 1.7, we obtain RM = Q(R). 
The following theorem will show that the regularity condition is necessary. 
THEORRM 2.12. If Q(R) is an Artinian ring, then R satisfies the reg&rity 
condition. 
Proof. Suppose that a + N(R) is a regular element of R/N(R). Since 
Q(RW(QW w QWWN 
(we use the fact that Q(R) is Artinian), a + N(Q(R)) is regular (indeed, 
invertible) in Q(R)/N(Q(R)). But, N(Q(R)) is nilpotent, so CI is invertible 
in Q(R) and a is regular in R. 
In order for these theorems to have a certain usefulness we must give an 
example of a Noetherian ring whose total quotient ring is not Artinian. 
This we now do. The following example is due to I. Kaplansky. 
Example. Let F be the rationals and R = F[[x, y]]/(x*, xy). Then 
R = Q(R). R is not Artinian as 
R/N(R) - FE[x, ill/& w Ftb’ll 
which is not Artinian. The element, 9, mapping onto y  inF@]] is not regular 
in R. 
Some further comments on these orders are in order. I f  N(R) = 0, our 
theorems reduce to Goldie’s theorems. It is interesting to consider what the 
regularity condition means if R is commutative. 
We recall the following facts. I f  I is an ideal in a commutative Noetherian 
ring then the associated primes of I are the prime ideals belonging to the 
primary ideals which form an irredundant primary decomposition of 1. 
I f  PI , *a-, P,, are the associated primes of (0), then x E R is a zero-divisor if 
and only if x E Pj , for somej. 
THEOREM 2.13. If R is commutative, then R satisjies the regularity condition 
if and only if the associated primes of (0) are the minimal primes of R. 
Proof. Let P, , -**, P, be the associated primes of (0). Then x is a zero- 
divisor if and only if x E Pi, for some i. I f  the Pi are the minimal primes 
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of R, then the pi = P,/N(R) are the minimal primes of R/N(R) = i?. 
Suppose 2 is regular in I?. Then % $ P, for all i. For if 3 E ~j, say, 
then R(n,,j pi) = 0 and nzfj p% # 0 as the pi are minimal. Hence, if 
x + N(R) = f, then x + P, , for all i, and x is regular. Therefore, the 
regularity condition holds. 
Suppose, now, that the regularity condition holds in R and Pi, say, is 
not minimal. P, > K, K prime. By Theorem 2.11, Q(R) is an Artinian ring 
and every prime in Q(R) is maximal. We assert that if A is any prime ideal 
of R which does not contain a regular element, then AQ(R) is prime and 
AQ(R) n R = A. Suppose x = cd-l E AQ(R) n R, where by Corollary 1.5 
we may assume that c E A. Then, xd = c E A. But, d $ A SO x E A as A is 
prime. That AQ(R) is p rime follows easily. Now P,Q(R) = KQ(R) since 
the prime ideals of Q(R) are maximal. But, this implies Pi = K. 
We remark that a special case of Theorems 2.11 and 2.12 was obtained 
by T. D. Talintyre [9]. 
Section 2 
In Section 1 the Noetherian orders in Artinian rings were determined. 
Here we determine all orders. The “characterization” is not nearly so concise 
here. However, at least one part bears strong resemblance to our previous 
work. The arguments in this section follow Talintyre’s closely. Throughout 
this section R will denote a Goldie ring and L(R) its Levitzki radical, that 
is, the maximal locally niipotent ideal of R (see Jacobson IS, p.1973. Herstein 
and Small [4] h ave shown that L(R) contains all nil left and right ideals 
since R satisfies the ascending chain condition on right annihilators. 
We now restrict our attention to a certain class of Goldie rings, 
DEFINITION 2.14. R is said to be a special Goldie ring if 
1) L(R) is nilpotent and 
2) R](L(R)t) is a Goldie ring for ail integers t. 
If R is a special Goldie ring, thenL(R) = N(R). 
DEFINITION 2.15. R is said to satisfy the extended regularity condition if 
a is regular in R if and only if a + L(R)t is regular in R/(L(R)t) fm all integers t. 
It was this condition which Talintyre considered in the case when R is 
Noetherian. 
We shall show that the orders in Artinian rings are precisely the special 
Goldie rings which satisfy the extended regularity condition. From now on 
we assume that R is a special Goldie ring satisfying the extended regularity 
condition. 
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LEMMA 2.16. If x E G(N(R)) n N(R) and r(a) = 0, then x-l(aR) contains 
a regular element. 
Proof. The proof of Lemma 2.4 carries over without change. 
LEMMA 2.17. If N(R)2 = 0, then Q(R) exists. 
Proof. Suppose a, b E R with a regular. Then there are e, f E R with e 
regular such that af - be = 12 E N(R). By Lemma 2.16, there are c, d, d 
regular, so that ac = (uf - be)d. This expression gives a(c - fd) = b(-ed), 
and -ed is regular. Therefore, the common multiple property holds. 
THEORRM 2.18. Q(R) exists. 
Proof. The proof is by induction on the index of nilpotence, s, of N(R). 
Lemma 2.17 does the case s = 2. Assume the theorem is true for s = n, 
and let the index of nilpotence of N(R) be n + 1. Then R/(N(R)n) is a special 
Goldie ring and satisfies the extended regularity condition. By induction, 
Q(R/(N(Rp)) exists. If a, b E R and a is regular, by the extended regularity 
condition, there exist e, f E R, f regular, such that ae - bf E N(R)“. By 
Lemma 2.16, there exist c, d E R, d regular, so that ac = (ae - bf)d. Once 
again we get a(c - ed) = b(-fd) and -fd is regular. 
Now that Q(R) exists we can study its properties. 
LEMMA 2.19. Q(R) has no injinite direct sums of right ideals. 
Proof. If I1 @ *** @It is a direct sum of right ideals in Q(R), then 
(I,nR)@.+.@(I,nR) is a direct sum of right ideals of R. 
LEMMA 2.20. If n E N(R) and c is regular, then c-ln = am-l where 
a E N(R) and m is regular. 
Proof. By the definition of Q(R), c-4 = am-l for some a, m. Cross- 
multiplying, nm = ca. But, the extended regularity condition holds and, 
thus, a E N(R). 
LEMMA 2.21. N(R)Q(R) is nilpotent and contains all nil left and right 
ideals of Q(R). 
Proof. By Corollary 1.5, x E N(R)Q(R) implies x = UC-~, where a E N(R). 
Suppose N(R)8 = 0. Let arc;-‘, me*, a,c;;’ be in N(R)Q(R). We claim that 
a,c;-la,c;’ **. a,c, - -1 - 0 . 
By the previous lemma c;“a, = b,m;‘, where b E N(R); and we find 
a,b2(c,m,)-1a3c;1 *a* a,c;l = 0. 
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Continuing in this manner, we lind 
-1 
alc~lazcz *. * a,c, -1 = 0 as N(R)” = 0. 
Hence, (N(R)Q(R))” = 0. Let L(Q(R)) be the Levitzki radical of Q(R). 
Then 
L(Q(R)) n R CL(R) = N(R). 
Thus, as in Theorem 1.9 we have 
N(Q(R))n = N(R)“Q(R) = (N(Q(R)) n R)“Q(R), for 12 = 1,2, a**. 
The next lemma may he regarded as an extension of Theorem 1. Il. 
LEMMA 2.22. 
Q(R))/N(Q(R))” NN Q(R/N(R)%)for all n = 1, 2, -.a. 
Proof. First, Q(R/N(R)n) exists because R/N(R)” is a special Goldie 
ring and the extended regularity condition holds. The map 
v4k1 + N(Q(RP) = (a + N(R>“)(c + N(WY 
is the required isomorphism as every regular element of R/(N(R)n) is the 
image of a regular element of R. 
We now have the means of showing that Q(R) is Artinian. 
THEOREM 2.23. Q(R) is Artinibz. 
Proof. The proof is by induction on the index of nilpotence, s, of N(R). 
I f  s = 1, and N(R) = 0, the assertion is merely Goldie’s theorem. Assume 
the result for s = n, and let N(R)n+l = 0, N(R)” # 0. We now construct a 
composition series for Q(R). By the previous lemma and Goldie’s theorem, 
Q(R)/N(Q(R)) is a semi-simple Artinian ring. Thus, we can find right ideals 
K!l’ f  , i=O;..,s,+l,K~‘=Q(R), and Ktil = N(Q(R)), such that 
Q(R) 3 KF’ 3 K;” 3 -a- 3 K;:’ r) N(Q(R)) 
and there are no right ideals between KjAi and K,!l’. By Lemma 2.22 and our 
induction hypothesis, Q(R)/N(Q(R))* is Artinian for t = 1, *se, n. Hence, 
we can find for t = 1, -.a, n a family of right ideals Kit’, i = 0, ---, st + 1, 
so that K:’ = N(Q(R))‘-1, KF:, = N (Q(R))’ and there are no right ideals 
between K!t’ and Kit’. Finally: we notice that N(Q(R))” can be considered I-1 
as a unital right Q(R)/N(Q(R))-module since N(Q(R))n+l = 0. But, N(Q(R))m 
has no infinite direct sums of Q(R)/N(Q(R))-suhmodules (these are just right 
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ideals of Q(R) contained in N(Q(R))“). Th e net result of this is: N(Q(R))” is 
a unital Q(R)/N(Q(R))- mo u e with no infinite direct sums of submodules. d 1 
Thus, N(Q(R))n is completely reducible, and we can find a family of right 
ideals of Q(R), Kp+“, i = 0, *a*, sn+i + 1, such that K>+” = N(Q(R)) 
and Kt::il = 0 with rzo right ideals between KiFzl’ and Kp”. Lumping 
all the Kj’),j = 1, se*, n + 1, together, we obtain a composition series of 
Q(R), and the theorem is proved. 
We must now establish that any order in an Artinian ring is a special 
Goldie ring with the extended regularity condition. The proof is contained 
in a series of lemmas which strongly resemble previous work in Section 1 of 
this part and in Part 1. 
LEMMA 2.24. If Q(R) is Artiniun, then 
(1) R has no in$nite direct sums of right ideals. 
(2) R satisfies the ascending chain condition on right and left annihikztms. 
(3) L(R)t = 0, for som t, SOL(R) = N(R). 
(4) L(R)‘Q(R) = N(Q(R))i = (N(Q(R)) n R)iQ(R) for i = 1, *em, t. 
Proof. (1) is just Corollary 1.6. 
Turning to (2), we note that since Q(R) is Artinian it satisfies the ascending 
chain condition on right and left annihilators. Thus, R satisfies these con- 
ditions because R is a subring of Q(R). 
Herstein and Small [4] h ave shown that a nil subring of a ring satisfying 
the ascending chain condition on right and left annihilators is nilpotent. 
Hence, JC(R)~ = 0, for some t, and L(R) contains all nil left and right ideals 
of R. Therefore, (3) is proved. 
(4) follows in the same way as Theorem 1.9. We only used there the fact 
that S/N(S) was a semi-prime Noetherian ring. Of course, Q(R)/N(Q(R)) 
is a semi-simple Artinian ring, and the same argument in Theorem 1.9 
applies. 
Because of (3) above, we may write L(R) = N(R). 
COROLLARY 2.25. I f  a is a regular element of R, then a + N(R)+ is regular 
in R/(N(R)“). 
Proof. Repeat the argument of Corollary 1.10. 
If we let i@’ = {a + N(R)” 1 a regular in R}, then we can form 
(R/(N(R)i)),;* and the argument of Theorem 1 .I 1 (noting that 
gives 
N(Q)R)>i n R = N(R)i) 
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LEMMA 2.26. 
We now prove 
THEOREM 2.27. If Q(R) exists and is Artinian, then R is a special Goldie 
ring with the extended regularity condition. 
Proof. By the previous lemma, (R/N(R)i),;* is Artinian. Lemma 1.7 
yields 
as Q(R) is Artinian and is its own total quotient ring. Thus, by Lemma 2.24, 
R/(N(R)“) is a Goldie ring and R, therefore, is a special Goldie ring. It 
remains to show that the extended regularity condition holds in R. Corollary 
2.25 does the trick for one part of the extended regularity condition. The 
other half follows from the fact that 
and the argument in Theorem 2.13 may be carried over. 
Again the theorems in this section reduce to the Goldie theorems if 
N(R) = 0. We shall give examples of special Goldie rings with the extended 
regularity condition in later sections of this paper. 
Section 3 
We now show that matrix rings and polynomial rings over orders in Artinian 
rings are themselves such orders. Throughout this section, R has a total 
quotient ring Q(R) which we denote by S and which is Artinian. 
THEOREM 2.28. Q(R,) = S, . 
Proof. Let (siJ E S, be the matrix whose entries are sif . By Lemma 
1.4, szi = aEid-l, for all i, j. Let (aU) be the matrix whose entries are the 
aii and (dij) the matrix whose entries are d if i = j and 0 if i # j. Therefore, 
(%) = (aij)(dij)-l. For later reference we remark that (diJ is a diagonal 
matrix with all the diagonal entries equal. To complete the proof, S, is 
Artinian as S is and apply Lemma 1.7 with M* = {(cii) E R, ) cij = 0 if 
i # j, and cij = c, a regular element, if i = j}. 
The program for the polynomial case is to show first that a polynomial 
ring over an Artinian ring has a total quotient ring which is Artinian and 
then reduce to this case by showing that S[X] is a quotient ring of R[x] and 
apply Lemma 1.7. 
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First let us look at S[X], where S is a semi-simple Artinian ring. S[X] is 
Noetherian since the Hilbert basis theorem holds also for noncommutative 
rings. Further, S[X] is also semi-prime. For, suppose I # 0 is a nilpotent 
ideal of S[X]. Let 
P = {a E s 1 ax” + *** + a, EI). 
Then f is nilpotent which contradicts the fact that S is semi-prime. Thus, 
Q(S[x]) exists and is a semi-simple Artinian ring. But, as S is a semi-simple 
Artinian ring, S = T1 @ a.* @ T, where the T, are simple Artinian rings. 
Hence, by Wedderburn’s theorem, Ti = d::’ where do) is a division ring. 
Now 
S[x] = T,[x] @ --* 0 TJx]. 
But, 
Ti[x] = OE[x] M (A”‘[x])~~, 
by a well-known isomorphism. We now need the following lemma. 
LEMMA 2.29. Let A be any ring such that A = B, @ -*a @ B, . Then 
Q(A) exists if and only if Q(BJ exists for all i and 
Q(A) = QW 0 -*+ 0 Q(K). 
Proof. Let a E A be regular. If a = (b, , a**, b,), it is easily seen that each 
bi is regular in Bi . Conversely, if c = (4 , *a., d,) where di E Bi and is regular, 
then c is regular in A. The lemma is now clear by arguing component-wise. 
Returning to S[x] where S is a semi-simple Artinian ring, we have 
Q(S[xl) = Q(T~[4> 0 *-a 0 Q(T&l). 
Examining Q(T$[x]), we find by Theorem 2.28 Q(Ti[x]) RS Q(A(“)[x])~~, 
and every element of Q(TJx]) may be written as an+, a E (d’i)[~])~, , and 
m is a polynomial in dul[x] (identifying du)[x] with diagonal matrices all of 
whose diagonal elements are equal). 
DEFINITION 2.30. If  f  E A[x], A uny ring, and f  = a,xn + *a* + a,, , 
with a, # 0, then a, is called the leading coeficient off. 
DEFINITION 2.31. Let Wi = {f E T,[x] 1 the leading coe$kknt of f  is 
regular (thus, invertible)}. 
LEMMA 2.32. 1) Wi consists of regular elements of Ti[x]. 
(2) Ti[x] satisfies the common multiple property with respect to Wi , and 
Tdxl wi = Q(Td~l)- 
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(3) If f, g E Wi andfh = g, then h E Wi (that is, the common divisorproperty). 
Proof. Suppose f  = a,x” + .*- + a0 E Wi , g=b,xm+-+bo, 
b, # 0, and fg = 0. Then ambnt = 0. But, a, is invertible so b, = 0 and 
g must be 0. Hence, (I) is proved. 
(2) Follows from Theorem 2.28 and Asano’s theorem. 
For (3) letf = a,xn + ... + a, , h = bmx” + ..* + b, . Then the leading 
coefficient of g is a,,b, . By hypothesis, a, and a,b, are invertible. Thus, 
b, must be invertible. Indeed, b$ = (a,b,)-la, . 
LEMMA 2.33. If  I is a right ideal of Ti[x], then 
IQ( Ti[x]) = (am-l ( a E I, m E Wi). 
Proof. Since Wi satisfies the common divisor property, we may apply 
Corollary 1.5. 
LEMMA 2.34. If  I # 0 is an essential right ideal of T,[x], then there is an 
mEI,mmWz. 
Proof. By a lemma of Goldie, I contains a regular element of Ti[x]. 
Therefore, IQ(TJx]) = Q(T,[x]). By the previous lemma, 1 = am-l with 
aEIandmEWi.Thus,m=aEIaswastobeshown. 
DEFINITION 2.35. Let 
Thus, W consists of all polynomials with leading coefficient invertible. 
By considerations like those of Lemmas 2.29 through 2.34, we find 
LEMMA 2.36. (1) W cons&s of regular elements. 
(2) S[x] satisfies the common multiple property with respect to W. 
(3) If  f ,  g E W and fh = g, then h E W. 
(4) If  I # 0 is an essential right ideal of S[x], then there is a m E W with 
m EI. 
(5) PWhv = Q&W)- 
Proof. Parts (l)--(4) follow from arguing component-wise and Lemmas 
2.30-2.34. Part (5) follows from Lemma 2.29 and part (2) of Lemma 2.32. 
We now return to the general case with S an arbitrary Artinian ring and 
play the same game we played in Sections 1 and 2. We note that we can write 
any f  4 N(S[x]) as f  = g + h, where h 4 N(S[x]) = N(S)[x] andg E N(S[x]). 
We refer to h as a non-nilpotent part off. 
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DEFINITION 2.37. Let A!(S[x]) = {f~ S[x] 1 the leading coej@ient of a 
non-nilpotent part off is invertible}. 
LEMMA 2.38. A(S[x]) consists of regular elements. 
Proof. The proof is by induction on the index of nilpotence of N(S). If 
N(S) = 0, then our previous arguments apply. Assume the result is true 
for K = n and that the index of nilpotence of N(S) is n + 1. S* = S/N(S)* 
is Artinian and S*[X] = S[x]/(N(S[x]~) and N(S*)” = 0. Now let f E.&!. 
Then 
f* = f + N(S[x])” E &qs*[x]). 
S satisfies the extended regularity condition. By induction, f* is regular in 
S*[X]. Thus, if fk = 0, k E N(S[x])“. But, f = h + g where g E N(S[x]). 
Hence, fk = 0 forces hk = 0. By considering leading coefficients, k = 0. 
Gmilarly, if kf = 0, then k, = 0 and the lemma is established. 
Since S satisfies the extended regularity condition and 
we have 
LEMMA 2.39. f E JZ(S[x]) ifand o&y iff + N(S[X])~ is inM(S[z]/N(S[x])“) 
for all integers t. 
We need just one more lemma before proving our first theorem. 
LEMMA 2.40. If k E @V(S[x])) n iV(S[x]) andf E Jl(S[x]), then k-l(fS[x]) 
contains an element of A. 
i ‘Proof. By Lemma 2.38, f is a regular element. So just as in Lemma 2.4, we 
find that (k-l(fS[x]))/N(S[ 1) x in t ersects all nonzero right ideals of S[x]/N(S[z]) 
nontrivially. So, by Lemma 2.36, there is g E W n k-l(fS[x])/N(S[x]). An 
inverse image ofg is in .#Z and k-‘(fS[x]). 
THEOREM 2.41. S[x] satisfies the common multiple property with respect 
to d-z?. 
Proof. We use induction on the index of nilpotence of N(S[x]). If 
N(S[x]) = 0, the result follows from Lemma 2.36. Assume the theorem is 
true for k = n and that N(S[x])” # 0, N(S[X])~+~ = 0. Suppose f, g E S[x], 
f E A. By induction and Lemma 2.39, there are e, d, d E A, such that 
gd - fe E N(S[X])~. By Lemma 2.40, there are a, b, b E A, so that 
fu = (gd -fe)b. Th is gives ~(CZ + eb) = g(db). But, d, b E.&Y, so db EJZ 
and we are done. 
THEOREM 2.42. (S[x])& = Q(S[x]) and is Artiniun. 
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Proof. Let (S[X])~~ = T. Then, by Theorem 1.11, 
VW’-) - ~W/W[~).M~ 
(we use the same notation as in Theorem 1 .l I). However, by Lemma 2.36, 
Q(~/WWN - Gw/w~4)),* * 
By Theorem 1.9 and the Hilbert Basis Theorem, T is Noetherian. Thus, as 
before, TjN( 7’) being a semi-simple Artinian ring implies that 7’ is Artinian. 
Finally, then, T = Q(S[x]). 
We can now complete the picture on polynomial rings with 
THEOREM 2.43. Suppose Q(R) exists and is Artinian; then Q(R[x]) exists 
and is Artinian. 
Proof. Denote Q(R) by S. We assert that S[X] is a quotient ring of R[x]. 
Let f E S[x], Then 
f = a,c;‘xn + a*. + a&l. 
By Lemma 1.4, c;l = die-l, i = 0, a**, n. Then 
f = (a,d,x” + ... + a,d,)c-I. 
But, 
andnxn + -4. + a,,d,, E R[x], 
and c is regular in R[x]. Since Q(S[x]) exists and is Artinian, we apply 
Lemma 1.7 to obtain the desired conclusion. 
COROLLARY 2.44. If Q(R) exists and is Arfinian, then Q(R[x, , ‘*a, x,J) 
exists and is Artinian. 
Proof. Clear. 
Although only a special case of 2.44, the following is worth noting as it 
does not appear to be in the literature. 
COROLLARY 2.45. If R is a semi-prime Goldie ring, then so is R[x, , 4-e) x,], 
for all n. 
In Part 3 we shall apply many of the results derived here. 
PART III 
In this part we consider some applications of the results of the first two 
parts. In particular, we study finitely generated algebras over commutative 
Noetherian rings and show that many theorems which hold for commutative 
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Noetherian rings are also valid for these algebras. It will be shown that 
endomorphism rings of finitely generated modules over commutative 
Noetherian rings are examples of these algebras. 
Section 1 
Throughout this section R will denote a commutative Noetherian ring 
with unit element. 
DEFINITION 3.1. A ring A with unit element is said to be an algebra over R, 
sometimes written A/R, if 
(1) A is a unital left R-module 
(2) If r E R, a, , a2 E A, then 
r(ala2) = (raI)az = aI(raz). 
A is said to be fkitely generated if A is finitely generated as an R-module. 
Since R is commutative, A may as well be considered as a right R-module. 
As A has a unit, right, left, and two-sided ideals of A are also R-submodules 
of A. Thus, trivially 
PROPOSITION 3.2. If A/R is finitely generated, then A is a right and left 
Noetherian ring. 
DEFIKITION 3.3. AIR is faithful if 0 # Y E R implies YA # 0. 
If A/R is not faithful, we may make A faithful in the following manner. 
Let (0 : A) = {Y E R 1 YA = O}. Then (0 : A) is an ideal of R and A may be 
considered as a faithful algebra over R = R/(0 : A); it is finitely generated 
over R if A is finitely generated over R. 
DEFINITION 3.4. Z(A) is the center of A/R. 
If we denote by 1 the unit of A and if A/R is faithful, then the map Y -+ ~1, 
Y E R, is an isomorphism of R into Z(A). If A/R is not faithful, then certainly 
there is an isomorphism of R/(0 : A) into Z(A). The net result of this is: 
A may be considered to be a faithful algebra over Z(A) (1 E Z(A)), and 
finitely generated if A/R is. If A/R is finitely generated, then Z(A) is 
Noetherian by a result of Nagata [7, p. 1121. Thus, we have 
PROPOSITION 3.5. If AIR is jinitel$ generated, then A/Z(A) is jinitely 
generated and Z(A) is Noetherian. 
481/4/I-3 
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DEFINITION 3.6. A/R is said to be torsion-free if r E R is a regular element 
implies ra # 0, for all 0 # a E A. 
This definition is due to L. Levy [6]. The following lemma is also to be 
found in Levy [6, Proposition 1 S], and the assumption that R be Noetherian 
is not necessary. 
LEMMA 3.7. If AIR is torsion-free, then A may be embedded in A OR Q(R); 
the embedding is given by a + a @ 1, where 1 is the unit of Q(R). Further, 
every element of A OR Q(R) has the form a @ d-l, where d is regular in R 
andaEA. 
DEFINITION 3.8. A two-sided ideal, I, of A/R is said to be irreducible if 
J n K = I, where J and K are two-sided ideals, implies J = I or K = I. 
Just as in the commutative case, we prove 
PROPOSITION 3.9. Every two-sided ideal in AIR, where AIR is fkitely 
generated, is a finite intersection of irreducible two-sided ideals. 
Proof. Suppose that there exists a two-sided ideal for which the assertion 
of the proposition is false. Let A be the family of all such two-sided ideals. 
Since A is Noetherian, A! has a maximal element I. Certainly, I cannot be 
irreducible. Thus, I = C n D where C and D are two-sided ideals strictly 
containing I, By the maximality of I, C and D are finite intersections of 
irreducible two-sided ideals. Hence, I is a finite intersection of irreducible 
two-sided ideals. This is a contradiction, and A? must be empty. 
We conclude this section by showing that finitely generated algebras over 
Noetherian rings occur frequently “in nature.” Let S be a commutative 
Noetherian ring with unit and M a finitely generated module over S. Let 
D = Hom,(M, M). We show that D is a finitely generated algebra over 5’. 
Since M is finitely generated, there is a finitely generated free module, F, 
such that 
O+K-+F+M-+O 
is an exact sequence. This sequence gives rise to the exact sequence 
0 --t Hom,(M, M) + Hom,(F, M). 
Since S is commutative, this last sequence is exact as a sequence of S-modules. 
Hom,(F,M)m M,@..*@M,, 
where r is the number of generators of M. Hence, Horn&M, M) as a 
submodule of a finitely generated module over a commutative Noetherian 
ring is itself finitely generated. 
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If M is a torsion-free module (defined as in Definition 3.6), then D is also 
torsion-free. For, if s E S is regular and 8 E D, SB = 0 yields se(m) = 0 for 
all m E M. But, since M is torsion-free, e(m) = 0 for all m E M and 0 = 0. 
Similarly, we may prove that if M is faithful, then D is faithful. 
In conclusion, then, we have 
THEOREM 3.10. Let S be a commutative Noetherian ring with unit, M a 
finitely generated S-module, and D = Homs(M, M). Then 
(1) D is a jinitely generated algebra over S. 
(2) D is torsion-free if M is a torsion-free S-module. 
(3) D is a faithful S-algebra ;f M is a faithful S-module. 
Section 2 
Let S be a commutative ring such that Q(S) is Artinian and A/S a finitely 
generated torsion-free algebra over S. For the moment it is not necessary 
to assume that S has a unit element. By Lemma 3.6, A may be embedded in 
A @-Q(S). I f  we define 
(al @ srl)(az @ s;‘) = (ala2 @ s&l), 
A ass(S) becomes a finitely generated algebra over Q(S) and, thus, 
Artinian; for A OS&(S) can be considered as a finitely generated Q(S)- 
module. Since S is commutative, by the definition of tensor product, we have 
(1 0s) = (1s @ 1) f  or all s E S. Hence, if a @ s-l is a typical element of 
A OS Q(S), then 
a @ s-l = (a 0 lb 0 1)-l, 
where we have written s = Is, 1 the unit of A. Buts @ 1 is a regular element 
of A, since A is torsion-free. Therefore, we have shown 
THEOREM 3.11. Zf A is a jinitely generated torsion-free algebra over S, 
where Q(S) is Artinian, then Q(A) = A osQ(S), which is Artinian. 
Remark. The assertion of Theorem 3.11 is false if Q(S) is not Artinian. 
Consider, again, R = F[[x, y]]/(9, xy) where F is the rationals. Since 
R = Q(R), any R-module is torsion-free. But R/N(R) w F[[r1], which is not 
its own quotient ring, and R/N(R) OR R w R/N(R) by an elementary 
property of tensor products. 
Example. Let G be an arbitrary finite group, S a commutative ring with 
unit such that Q(S) is Artinian. Then r = r(G, S), the group ring of G 
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over S, is a finitely generated torsion-free algebra over 5’. Thus Q(r) exists 
and is Artinian. Therefore, by Theorem 2.24, r is a special Goldie ring and 
satisfies the extended regularity condition. 
By Theorem 3.10 and 3.1 I, we have 
THEOREM 3.12. Let R be a commutative Noetherian ring with unit such 
that Q(R) is Artinian. If M is a finitely generated torsion-free R-module, then 
Q(Hom,(M, M)) exists and is Artinian. 
We now apply Theorem 3.11 in another direction which has, in fact, 
applications to commutative rings. R will again denote a commutative 
Noetherian ring with unit. 
THEOREM 3.13. If AIR is finitely generated, then AIR may be embedded 
in an Artinian ring. 
Proof. By Proposition 3.9, 0 = I1 n -a* n 1, where the Ij are irreducible 
two-sided ideals. Let Aj = A/Ij which is again finitely generated over R. 
I f  we show that each Ai may be embedded in an Artinian ring, Bi , then A 
will be embedded in B, @ *** @ B, which is again Artinian. By way of 
reduction, then, we may consider A/R to be finitely generated and such 
that the intersection of any two nonzero two-sided ideals is nonzero. By 
Proposition 3.5, we also can consider A as a finitely generated faithful algebra 
over its center Z(A). By that same proposition, Z(A) is Noetherian. We now 
show that Q@‘(A)) is Artinian and that ,4 is torsion-free over Z(A). 
We first assert that if z E Z(A), then either z is regular in 4 or z is nilpotent. 
We denote by Ann (z) the annihilator of z in A. Since z E Z(A), zA is a 
two-sided ideal and Ann (xA) = Ann (a) as xA = Ax. As zA is two-sided, 
so is Ann (%A) = Ann (z). By the ascending chain condition on annihilators, 
there is an integer t so that 
Ann (x”) = Ann (.zt+$) for s = 1, 2, a**. 
I f  zt # 0, then 
ztA(= (zA)~) n Ann (a) # 0. 
Thus, there exists zta # 0 in Ann (z) which implies z(x*a) = 0 = atflu. 
But, by the choice oft, we have zta = O-a contradiction unless Ann (z) = 0. 
Hence, Ann(z) = 0 and z is regular in A. This argument, of course, also 
shows that A is torsion-free over Z(A). Returning to Z(A), we see that Z(A) 
satisfies the regularity condition (a E Z(A) is regular if and only if 
z $ N(Z(A)) and Q(Z(A)) is Artinian by Theorem 2.11. Thus, by Theorem 
3.11, Q(A) exists, is Artinian, and is A @ZCAr Q(Z(A)). Returning to the 
proof of the theorem, we conclude by setting Bj = Q(Aj). 
The following corollary does not seem to have been noticed in the literature. 
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COROLLARY 3.14. If R is a commutative Noetherian ring, then R may be 
embedded in an Artinian ring. 
Proof. R*, the ring constructed from R by the formal adjunction of a 
unit, is Noetherian. Apply the theorem to R*. 
Whether this corollary is true in general if R is non-commutative remains 
open. 
We remark that A[x], the ring of all polynomials over A, is a finitely 
generated algebra over R[x] (the generators of A as an R-module generate 
A[x] over R[x]). Therefore, the polynomials over A may likewise be embedded 
in an Artinian ring which is also a finitely generated algebra over a Noetherian 
ring. Of course, the results of Part II may be applied for another proof. 
Similarly, A may be embedded in an Artinian ring. 
Theorem 3.13 may be applied to show that the intersection of the powers 
of the Jacobson radical of a finitely generated algebra over a commutative 
Noetherian ring is 0. This result was obtained independently by C. Procesi. 
LEMMA 3.15. If A/R is jkitely generated and subdirectly irreducible, then 
A = Q(A) = A C&a, QCWN. 
Proof. It is sufficient to show that Q(Z(A)) = Z(A), for then elementary 
properties of tensor products give A = Q(A). Let C be the minimal two- 
sided ideal of A and z a regular element of Z(A). C is a finitely generated 
Z(A)-module with generators cr , a**, c, , say. Further, as z E Z(A) and is 
regular, zC is a nonzero two-sided ideal. Thus, by the definition of 
C, ZC = C. Therefore, we have expressions of the form 
ci = 2 %jcj P 
j=l 
where the zii E Z(A) and ztj = zz’, some z’ E Z(A), for all i,i. These 
expressions yield 
2 (Sij - 2& = 0 , 
j 
where aii , as usual, denotes the Kronecker delta. I f  d denotes the determinant 
] aij - zij 1, we have, by Cramer’s rule, d C = 0. Developing this determinant, 
we find that d has the form 1 - ~2, f  E Z(A). By the argument in Theorem 
3.13, it is easy to see that if XC = 0, then x is nilpotent. Thus, 1 - ~$7 is 
nilpotent and, consequently, xf is invertible. Therefore, z is invertible as 
was to be shown. 
If  J(A) denotes the Jacobson radical of A, then we obtain 
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COROLLARY 3.16. If AIR is finitely generated and subdirectly irreducible, 
then J(A) = N(A) and is, thus, nilpotent. 
Proof. A is Artinian, and, thus, J(A) = N(A). 
THEOREM 3.17. If AIR is finitely generated, then 
fil J(A)” = 0. 
Proof. A/R is a subdirect sum of subdirectly irreducible finitely generated 
algebras Aj over R. The image of J(A) in each of the Aj is in ](A$). By the 
above corollary, the J(A,) are nilpotent. Thus, if A, = A/I,, there is an 
integer t such that J(A)t C li . Therefore, since Q 4 = 0, 
fil J(A)” = 0. 
Section 3 
Theorem 3.17 suggests that certain commutative theorems might be 
appropriately generalized to finitely generated algebras. Here we shall show 
that the theorems relating to the descending chain condition on prime 
ideals are valid for our algebras. In fact, the descending chain condition holds 
for primes in these algebras. We shall demonstrate this fact by first reducing 
to the case of prime algebras, and then to the commutative case. Again in 
this section, R will be a commutative Noetherian ring with unit. 
LEMMA 3.18. IfSisanyringandP,~P,3~~~9P,,~~~~isadescending 
chain of prime ideals, then n& Pi is a prime ideal. 
Proof. Suppose a, b E S and aSb C n& Pi. I f  a $ nTcl Pi, then a 4 P, , 
say. Consequently, since the P, descend, a $ P,,, , s = 0, 1,2, mm*. But, 
since Pt+s is prime and aSb C Ptts , for all s, b E Pi,, . Thus, b E ng, Pt 
and “T-a P, is prime. 
Therefore, if AIR is finitely generated and P, r> Pz r> **a 3 P,, *a- is a 
descending chain of prime ideals, to show that the chain terminates it is 
sufficient to reduce the problem to A/n& Pi, which is again a finitely- 
generated algebra over R. Until further notice, then, consider A/R to be 
prime. Since A/R is prime, Z(A) is an integral domain as is well known. By 
Proposition 3.5, Z(A) is also Noetherian. 
LEMMA 3.19. If x E A, then Z(A)[x] is a finitely generated Z(A)-module. 
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fimf. Z(A)[ 1 x is a Z(A)-submodule of A which is finitely generated 
over Z(A), a Noetherian ring. 
LEMMA 3.20. If x E A, there exist cl , ***, c, E Z(A) such that 
yl+1 + c,x" + 0'. + c,x + co = 0. 
Proof. Since Z(A)[x] is finitely generated over Z(A) and 1, x, x2, .** 
generate Z(A)[x], there is an n such that 
.p+1 = It cpxi. 
i=O 
Thus, xn+l - C~X~ - ... - co = 0. 
We now use the last lemma to show 
LEMMA 3.20. If 0 # I is a two-sided ideal of A, then I n Z(A) # 0. 
Proof. By Goldie [2], I contains a regular element x. Suppose 
xn + C,-lXn-l + --- + co = 0 is of lowest degree. We claim co # 0. If  
co = 0, x(x+l + c,,x+~ + a.. + cl) = 0. But, x is regular forcing 
x-1 + cne1x+2 + --* + c, = 0. This last equation is of lower degree-a 
contradiction. Thus, co # 0. 
We note for later use that all we needed for the proof of Lemma 3.20 was 
the fact that for x, a regular element of A, we had a relation of the 
form xn + c+rx+l + ... + co = 0. 
LEMMA 3.21. If P is a prime ideal of A, then P n Z(A) is a prime ideal 
of Z(A)- 
Proof. I f  P = 0, there is nothing to prove. If  P # 0, then P n Z(A) # 0. 
Suppose z,z, E P n Z(A), z, , z, E Z(A). Then z, A, z,A are nonzero 
two-sided ideals of A. But, x,Az,A = x,+4 C P as z,z, E P n Z(A). 
Hence, z,A C P, say. Thus, z1 E P n Z(A) and P n Z(A) is prime. 
We now come to the crucial 
LEMMA 3.22. If Pl 2 P, areprime ideals of A, then Pl n Z(A) 2 Pa n Z(A). 
Proof. Assume Pl n Z(A) = Pz n Z(A). We consider A/P,. A/P, is a 
prime algebra, and every element of it satisfies an equation of the form 
xn + zn-lx”-l + *a* + x0 = 0, where the zi are in 
(Z(A) + WP2 = Z(4/(p2 n Z(4). 
However, PI/P2 is a nonzero two-sided ideal of A/P,. The argument of 
Lemma 3.20 shows, then, that (PI/Pa) n (Z(A) + P,)/P, # 0. Thus, we 
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havep,=z+p,,forp,EPi,O#x$Z(A)nPa.But,p,~P,soz~P, 
and, thus, z E P1 n Z(A) = Pz n Z(A). This is a contradiction. Therefore, 
we must have P1 n Z(A) !j Pz n Z(A). 
We now have immediately 
THEOREM 3.23. If  AIR is a prime jkitely generated algebra, then A 
satisfies the descending chain condition on prime ideals. 
Proof. Suppose P1 r) Pz 1 .*a r) P, 3 a.0 is a descending chain of prime 
ideals of A. Then 
is a descending chain of primes of Z(A) by Lemmas 3.21 and 3.22. Thus, as 
Z(A) is Noetherian, we must have P, n Z(A) = P,+l n Z(A), for some t. 
By Lemma 3.22, P, = P,,l . 
By the remarks at the beginning of this section, we also obtain 
THEOREM 3.24. If  AIR is a jinitely generated algebra over R, then A 
satisjies the descending chain condition for prime ideals. 
We now treat the question: What conditions on A and R imply that there 
is a uniform bound for the lengths of strictly descending chains of prime 
ideals in A ? 
First, suppose there is such a bound for chains in R. Then R/(0 : A) has, 
of course, this same bound. R/(0 : A) may be embedded in Z(A), and A is 
finitely generated over it. If, in the previous arguments, we replace Z(A) by 
R/(0 : A), the proofs remain unchanged. The use of Z(A) was convenient, 
not essential. By the correspondence in Theorem 3.23, we can see that the 
bound persists in prime algebras; thus, by Lemma 3.18, in arbitrary algebras. 
This discussion yields 
THEOREM 3.25. If A/R is a jinitely generated algebra, and the lengths of 
descending chains of prime ideals in R are bounded, then the lengths of descending 
chains of prime ideals in A are bounded. The bound in R suffices in A. 
If R is local, we know that such a bound exists (Zariski-Samuel [ZO], p. 241). 
An analogous theorem is true for finitely generated algebras. 
DEFINITION 3.26. A finitely generated algebra AIR is said to be local if it 
has a unique maximal two-sided ideal. 
LEMMA 3.27. If  A/R is local, then Z(A) is a local ring. 
Proof. Let M denote the maximal ideal of A. Suppose z E Z(A). Then, 
if zA # A, zA C M which yields z E M n Z(A). If zA = A, then sa = 1, 
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a E A. We claim a E Z(A). I f  not, there is an x E A such that xa - ax = c # 0. 
But, 
0 # zc = z(xu - ax) = x(za) - (2%2)x = 0 
-a contradiction. Hence, a E Z(A). Therefore, if z E Z(A) is a unit in A, 
it is already a unit in Z(A). Thus, M n Z(A) is the unique maximal ideal 
of Z(A). 
THEOREM 3.28. If A/R is a finitely generated local algebra, then there is a 
bound to the lengths of descending chains of prime ideals of A. 
Proof. A is a finitely generated algebra over Z(A) which is local. Such a 
bound exists in Z(A). Therefore, Theorem 3.26 applies to give the conclusion. 
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